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Abstract 

The nonsingular Hermitian surface of degree J~q + 1 is characterized by its 

number of F g -points among the irreducible surfaces over ¥ q of degree y/q + 1 in 

psj . the projective 3-space. 

(^ ' Key Words: Finite field, Hermitian surface, Weil-Deligne bound 

m ! MSC: 11G25, 14G15, 14J70, 14N05 

O 

O ■ 1 Introduction 

m i 

Hermitian varieties are known as ones having particular properties over finite fields. 
Throughout this paper, except Section 3, q is an even power of a prime number p. 
S^ ' A Hermitian variety over ¥ q is a hypersurface in P n defined by 

(xf,...,xf)A\X Q ,...,X n ) = 0, (1) 

where A is a square matrix of order n + 1 whose entries are in ¥ q with the property 
t A = A(^/Q>] here A^Vw means taking entry-wise the y^-th power, and l A is the 
transposed matrix of A. We refer this kind of polynomial as a Hermitian polynomial 
over ¥g. For a homogeneous polynomial F of degree ^fq + 1 whose coefficients are 
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in W q , the hypersurface given by F = is Hermitian if and only if there is an 
element p £ ¥* such that pF is a Hermitian polynomial. The family of Hermitian 
polynomials over ¥ q forms an W/q vector space. It is obvious that the Hermitian 
polynomial ([1]) defines a nonsingular Hermitian variety if and only if det i^O. By 
the standard argument, a nonsingular Hermitian variety is projectively equivalent 
to the variety 

H n ^ : Xf +l + Xf +l + ■■■ + Xf +l = (2) 

over ¥ q . 

The number Nq(H n —i) of Fq-points of iJ n _i is 

N q (H n ^) = {^r +i + (-m(vr + (-ir- 1 )/^ - 1), (3) 

which is due to pQ. 

This number is remarkable in the following sense. The Weil conjecture |13j 
established by Deligne [2] implies that the number N of F g -points of a nonsingular 
hypersurface of degree d in P n defined over ¥ q is bounded by 

a n — 1 r\ — 1 

N - J^T + — {{d - ir - ( " 1)n) ^ ■ (4) 

Furthermore, if equality holds in (|4]) for a certain nonsingular hypersurface of degree 
d, then d < y/q+1. As for this additional claim, see [HI Corollary 2.2] or [U Corollary 
4.3]. The number Nq(H n —i) achieves the equality in @ for d = Jq + 1. 

On the other hand, Riick and Stichtenoth's characterization of nonsingular Her- 
mitian curves [9j implies the following fact. 

Theorem 1.1 (Riick-Stichtenoth) An absolutely irreducible plane curve of de- 
gree y/q + 1 over ¥ q which has y/q + 1 points over ¥ q is a nonsingular Hermitian 
curve. 

We explain a little more detail of this assertion in the next section. 
The purpose of this note is to show a similar fact for surfaces in P 3 . 

Theorem 1.2 An absolutely irreducible surface over¥ q of degree y^+1 inP 3 which 
has (q + l)(^/q + 1) points over ¥ q is a nonsingular Hermitian surface. 

Notation When X is an algebraic set in ¥ n defined by equations over ¥ q , the set 
of F ? -points in X is denoted by X(¥ q ), and the cardinality of X(¥ q ) by N q (X). 

2 Hermitian curves 

For a plane curve C over ¥ q , we proved a simple bound for N q (C) in a series of 
papers [21EJE], which had been originally conjectured by Sziklai [12]. 



Lemma 2.1 (Sziklai bound) Let d be an integer with 2 < d < q + 2, and C a 
curve of degree d in P 2 defined over ¥ q without ¥ q -linear components. Then 

N q (C) < (d - \)q + 1 (5) 

except for curves over F4 which are projectively equivalent to the curve defined by 

(X + X-1+ X 2 ) 4 + (X X 1 + X t X 2 + X 2 X ) 2 + X X 1 X 2 (X + X x + X 2 ) = 0. 

For the exceptional curve above, the number of its ^^-points is 14. 

The number N q (Hi) attains the equality of the Sziklai bound too. In the next 
proposition, we consider a slightly larger family of plane curves than the family of 
irreducible ones, that is to say, the family of plane curves over ¥ q without F^-linear 
components. 

Proposition 2.2 Let C be a plane curve of degree y/q + 1 over ¥ q without ¥ q -linear 
components. If N q (C) = ^fq +1, then C is a nonsingular Hermitian curve over¥ q . 

Proof. From [6l Propositions 2.1, 2.2 and 2.3], C must be absolutely irreducible and 
each Fq-point of C is nonsingular, because equality holds in ([5]) for C. If C has 
singular points, all of which are not F^-points, then the normalization C of C is also 
defined over F g and N q {C) = N q (C). From the Hasse-Weil bound, 

N q (C)<l + q + 2g^q-<^ 3 + l 

because the genus g of C is less than the arithmetic genus of C, that is, g < y/q(^fq — 
l)/2. Hence C is a nonsingular curve of genus y/q(y/q— l)/2. Therefore C must be 
a nonsingular Hermitian curve by the main theorem of [S]. □ 

Remark 2.3 In the previous proposition, the assumption that C has no F g -linear 
components is actually necessary. We construct a plane curve C which has F g -linear 
components such that N q (C) = ^fq + 1. Let D be an irreducible conic over ¥ q in 
P 2 . Let P £ D(¥ q ) and L the tangent line to D at P . Choose Pi G L (¥ q ) \ {P }. 
If the characteristic p is 2, Pi should be taken in Lo(¥ q ) \ {Pq, the nucleus of D}. 
Then there are ^— F g -lines passing through Pi that do not meet with any point of 
D(¥ q ) if p ^ 2; or | if p = 2. Since ^fq — 2 < ^-, we can take ^fq — 2 such lines, 
say Lx, ■ ■ ■ , L/g_ 2 . Then the number of F g -points of the curve C = D + Yld=Q ^i 
is -yjq + 1. In fact, 

N q (C) = *(D(¥ q )\{P }) + #(L (¥ q )\{P ,P 1 })+Y,(^ q )\{Pi}) + 2 

i=l 

= q+{q-l) + {^q-2)q + 2 = ^ + l. 

We close this section with a remark on plane curves that are used in the proof 
of the main theorem. 



Lemma 2.4 (Segre) Let d be an integer with 1 < d < q + 1, and C be a curve 
of degree d in P 2 defined over ¥ q , which may have F q -linear components. Then 
Nq(C) < dq + 1, and equality holds if and only if C is a pencil of d ¥ q -lines. 

Proof. See Segre \10\ II, §6 Observation IV ] or Homma-Kim [SJ Remark 1.2]. □ 

3 An elementary bound 

In this section, q is simply a power of p, that is, it need not be an even power of p. 
In [SJ, we established an upper bound for N q (X) of a hypersurface X over F g 
without Fq-linear components, particularly a surface in P 3 without F q -plane compo- 
nents. 

Theorem 3.1 Let S be a surface of degree d in P 3 defined over ¥ q without ¥ q -plane 
components. Then 

N q {S)<{d-l)q 2 +dq + l. (6) 

We refer the bound © as the elementary bound. When d = y/q + 1, the Weil- 
Deligne bound ^j for n = 3 agrees with the elementary bound. In this section, we 
investigate the geometry of a surface in P 3 whose number of F^-points achieves the 
bound ([6]). There are at least two examples other than the Hermitian surface each 
of which attains the equality in © . 

From now on, we keep the following setup until the end of this section. 

Setup 3.2 Let d be an integer with 2 < d < q + 1. Let S be a surface of degree d 
in P 3 defined over ¥ q without F g -plane components. Furthermore we suppose that 
N q (S) achieves the equality in ©. 

Lemma 3.3 The surface S contains an ¥ q -line. 

Proof. Suppose S does not contain any F^-lines. Let H be any F ? -plane in P 3 . 
Then S n H is a plane curve of degree d over ¥ q in H = P 2 , and has no F^-line as a 
component. Hence 



(d- l)g + l if(d,g)/(4,4) 
14 if(d,g) = (4,4) 



N q (snH)<\ ^-;^ £ ?„ 1 ?; (7) 



by Lemma 12.11 In a term of |3], defining the s-degree 5 of S(¥ q ) by 

5 = max{A r (? (5 n H) \ H is an F g -plane}, 

we have 

N q (S) <(5-l)q + l + 



1 



q+l 



by [H Proposition 2.2]. Hence if (d,q) / (4,4), then 

(d-l)q 



N q (S) < (d-iy + l + 

= (d-l)q 2 + l + 
= (d-l)(q 2 + l); 



(d-2)(g + l) + q + 2-rf 

g + i 



and if (d, g) = (4, 4), then N q (S) < 55. In either case, N q (S) can't be (d-l)q 2 +dq+l. 

D 

Definition 3.4 Let h,...,ld be F g -lines in P 3 with d > 2. The union of those cr- 
imes Z = L)f =l li is called a planar Fg-pencil of degree d if those d-lines lie on a plane 
simultaneously and l\ Pi • • • Pi Id ^ 0. The F g -point {«z} = ?i D • • • fl Zrf is called the 
vertex of Z. 

Notation 3.5 For an F^-line I of P 3 , the set of F^-planes containing the line I is 
denoted by l(¥ q ). 

Lemma 3.6 Let I be an ¥ q -line on the surface S. 

(i) If an ¥ q -plane H contains I, then S n H is a planar ¥ q -pencil of degree d. 

(ii) The map l(¥ q ) 3 H i-> vsnH £ K^q) ^ s bijective. 

Proof, (i) Since S has no Fg-plane components, S n if is a plane curve of degree d 
in ii, and N q (S n ii) < dg + 1 by Lemma l2~4l Counting the cardinality of S(¥ q ) by 
the decomposition 

S(¥ q ) = U Hei{¥q) ((S n H)(¥ q ) \ l(¥ q )) |J Z(F g ), 

we have 

(d-l)g 2 +dg + l = iVg(S) < (g + l)(dg + 1 — ( 9 + 1)) + (g + 1) 

= (d - l)q 2 + dq + 1. 

Hence JV g (5 n ii) = dq + 1. So 5 n ii is a planar Fg-pencil of degree d by the latter 
part of Lemma 12.41 

(ii) Let l(¥ q ) = {Hi, Hi, . . . , H q+ {\. Since 5 n Hi is a planar F g -pencil and has 
the line I as a component, we may set notations as 

SnH i = lUl ijl U---Ul itd -i 

and 

Vi = vsnHi ■ 

It is obvious that Vi G Iffiq)- Since /(F 9 ) and l(¥ q ) have the same cardinality, it is 
enough to show that the map l(¥ q ) B Hi i-> u, G /(F g ) is surjective. 



Contrary, suppose this map is not surjective. Pick a point Q G Z(F 9 )\{ui, . . . , v q+ i}, 
and choose an F^-plane K such that K 3 Q and K 7$ I. Then we face two conse- 
quences: 

(a) S n K does not contain any F g -line; 

(/3) N q (S D K) > (d - l)q + d, 

as we verify them below. Since S n K is a plane curve of degree d in if, those two 
conditions are incompatible each other by Lemma l2.1i 

The verification of (a). If S D K contains an F„-line, then it must be a planar 
Fg-pencil by (i). Since Q is a point of S, there is an F g -line m passing through Q 
among d lines of S C\ K. Hence I and m spans an F q -plane which is one of the H^s, 
say Hi. Then Vi £ I Dm = {Q}, which contradicts to the choice of Q. 

The verification of (/?). Let Qij be the intersection point of lij with K. Then 
the plane containing I and Qij is Hi and the line containing Vi and Qij is lij. Hence 
Qij = Qi'.j' implies (i,j) = (i',j')- Since 

{S n K){¥ q ) D {Q hj I 1 < i < q + 1, 1 < j < d - 1} U {Q}, 

weh&veN q (SnK)>(d-l)(q+l) + l. □ 

Lemma 3.7 Let H be an ¥ q -plane such that S n H is a planar ¥ q -pencil of degree 
d. If an ¥ q -line I C S passes through vsnH, then I is a component of S n H . 

Proof. Since d > 2, there are two distinct components l\ and 1% of S n H. Suppose 
that I is not contained in H . Then I and li span an F g -plane, say Hi. Hence SC\Hi 
is also a planar F^-pencil of degree d by Lemma 13, 61 (i). By the construction of H\ 
and H2, 

vsnH l =lnh = v S nH = lnl 2 = v S nH 2 > 

which contradicts (ii) of Lemma 13,61 Hence / is contained in H, and hence it is a 
component of S D H. □ 

Corollary 3.8 For any ¥ q -point P of S, there is a unique ¥ q -plane H such that 
S n H is a planar ¥ q -pencil of degree d with vsdh = P. 

Proof. From Lemma 13.31 and Lemma 13.61 (i), there is a line I on S containing P. 
Hence, by (ii) of Lemma 13.61 there is a desired F^-plane. The uniqueness of such an 
Fg-plane comes from the above lemma. □ 

4 A characterization of Hermit ian surfaces 

In this section, q is assumed to be an even power of a prime number p again, and 

5 is a surface in P 3 of degree y/q + 1 defined over ¥ q without F^-plane components 
such that N q (S) = (y/q + l)(q + 1). Note that this number N q (S) achieves both 
the Weil-Deligne bound (jl|) for n = 3 and the elementary bound ([6]). 



Proposition 4.1 With the above situation, let H be an¥ q -plane o/P 3 . Then either 

(1) S n H is a planar ¥ q -pencil of degree yjq + 1, or 

(2) S Pi H is a nonsingular Hermitian curve of degree yfq + 1 over ¥ q . 

Furthermore, let v\ denote the number of¥ q -planes having the property (1) above, 
and v 2 the property (2) . Then 

V! = N q (S) = (^q 3 + l)(q + 1) 

^2 = ^(d + l)(y/q-l). 

Proof. Let P 3 (F g ) denote the set of F g -planes of P 3 , and V\ the set of Fg-planes 
having the property (1). The map V\ 3 H h-> vsdh G S(¥ q ) is bijective by Corol- 
laryES Hence v x = N q (S). Let V 2 = F 3 (¥ q )\V 1 . Note that if H G V 2 , then SnH 
has no F^-liner components by Lemma 13.61 (i). Consider the correspondence 

A = {(P,H)\P€H}c S(¥ q ) x P 3 (F g ) 



with two projections tv\ : A — > S(¥ q ) and tt 2 : A — > P (¥ q ). Counting the cardinality 
of A by 7Ti , we have 

# ^l = iV (/ (5)-(g 2 + g + l). 

If if G Pi, then *7r 2 - 1 {H) = N q (S n H) = ^/g 3 + g + 1, and if H G P 2 , then 
^Tr^ (iJ) = N q (S n If) < y^ + 1 by Lemma l2,li Hence, counting the cardinality 
of A by 7T2 , we have 

# -4 < N q (S)-(^ 3 +q+l)+(^^-N q (S)y^ + l) 

= N q (S)-(q 2 +q+l). 

Therefore, if H G V 2 , then N q (S (~)H) = ^/q 3 + 1. Furthermore, when H G 7^2, since 
S (~) H has no F ? -line as a component, 5 n if is a nonsingular Hermitian curve by 
Proposition E2J □ 

Now we come to the main theorem. From the above proposition, we know that 
for any Fg-line I, the cardinality of S(¥ q ) n I is either 1 or yjq + 1 or q + 1. So we 
may apply the characterization of nonsingular Hermitian surfaces by Hirschfeld [3 
Theorem 19.5.12], though we give a straightforward proof because our starting point 
is a surface given by an equation. In our proof, the hyperplane defined by an equation 
h = is sometimes denoted by {h = 0}; and also ¥ q \ {0} by ¥*. 

Theorem 4.2 Let S be a surface in P 3 defined over ¥ q without ¥ q -plane compo- 
nents. If the degree of S is yfq + 1 and N q (S) = (y/q + l)(g + 1), then S is a 
nonsingular Hermitian surface over¥ q . 

Proof. From Proposition 14. 1\ there is an Fg-plane Hoo C P 3 such that S fl H^ 
is a nonsingular Hermitian curve. Choose a system of homogeneous coordinates 
X ,X 1 ,X 2 , X 3 of P 3 such that 



(i) H^ is given by Xq = 0; and 
(ii) the plane curve S n H^ in H^ = P 2 is given by 

xaf + xfx 2 + xf +l = 0, 

where X\,X 2 ,X 3 are coordinates on H^ induced by X±,X 2 ,X 3 respectively. 

Let Pi = (0, 0, 1, 0) and P 2 = (0,1, 0, 0), both of which are points on S n H^. 
For a = 1, 2, the tangent line L a at P a to 5 n -ffoo in H^ = P 2 is given by X a = 0. 
It is easy to see that S C\L a = {P a }- Hence for an Fg-plane H D L a , 

# (Q(w \ n ( tt \ T \\ - I VQ 3 + 1 - 1 if 5 n F is Hermitian 

(S(¥ q ) n (H \ L a )) ~{ vf + q + l _ l [fSnHisan ^^1. 

Counting the number N q (S) — 1 by using all F g -planes containing L a , we know that 
there is a unique plane H a> Q D L a such that S n i? Q ,o is a planar F 9 -pencil of degree 
yjq + 1; and S* n i? Q)/ \ is a nonsingular Hermitian curve for other plane H a \ D L a . 
By changing coordinates of type 

X 1 (->■ Xi + aX 
X 2 ^ X 2 + 6X 

if necessary, we may suppose that H a Q is defined by X a = for a = 1 and 2 
respectively. But the situation on H^ never change. 
Summing up, S is defined by 

F(X , ...,X 3 ) = X f(X , ...,X 3 ) + h(X 1 ,X 2 ,X 3 ) = 

where 

h{X±, X 2 , X 3 ) = X\X 2 + X t X 2 + X 3 

and deg f = y/q. 

Since S n H\q = S D {X\ = 0} is a planar Fq-pencil with the vertex Pi = 
(0,0,1,0), 

F(X , 0, X 2 , X 3 ) = X f(X , 0, X 2 , X 3 ) + X 3 ^ +1 

does not contain X 2 , because this polynomial must have the form cJ7(Xo + jjX 3 ), 
with c €. F*. Hence, in F(Xq, X±, X 2 , X 3 ), any monomial containing X 2 also contains 
Xi. By the same argument on S n #2,0 = 5* n {X 2 = 0}, any monomial containing 
X\ also contains X 2 . Therefore f(Xg,Xi,X 2 ,X 3 ) is written as 

f(X ,X 1 ,X 2 ,X 3 )=g 1 (X ,X 3 )+g 2 (X ,...,X 3 )X 1 X 2 , 

where deg g\ = yfq and deg g 2 = y/q — 2. 

For the plane H\\ = {Xq = XX\} (A G F*), since SD{Xq = XX\} is a Hermitian 
curve, 

P F(XX 1 ,X 1 ,X 2 ,X 3 ) = 

p(XX 1 {g 1 (XX 1 ,X 3 )+g 2 (XX 1 ,X 1 ,X 2 ,X 3 )X 1 X 2 ) + h(X 1 ,X 2 ,X 3 )) (8) 



is a Hermitian polynomial for some p E F*. Since X^ appears only in h(X\ , X2 , X3) , 
the constant p must be an element of F*,-. Hence ([8]) is a Hermitian polynomial 
even if p = 1. Since /i itself Hermitian, 

Xg 1 (XX 1 ,X 3 )X 1 + A 52 (AX 1 ,X 1 , X 2 , X 3 )X%X 2 

must be Hermitian. 

Any monomial in g2(XX±, X\, X2, X 3 )Xf X2 never appear in gi(XXi,X 3 )Xi. So 

g2(\Xi, Xi, X2, X$))XfX2 contains the monomials only of types X- or X^ Xj. 
Hence 

g 2 (\X 1 ,X 1 ,X 2 ,X 3 )XfX2 = pXf q X 2 (ji G ¥ q ). 

But the monomial X±X^ can't appear in 

g l (XX 1 ,X 3 )X 1 +g2(XX 1 ,X l ,X 2 ,X 3 )XfX 2 . 

Hence g2(XXi, X±, X2, X 3 ) = 0, that is, Xq — XX\ is a factor of g2(Xo, X±, X2, X 3 ) 

for any A G F* But deg<?2 = \fq — 2 (< g — 1), it is impossible. Therefore 
#2(^05 X\, X 2 , X 3 ) = and Xgi(XXi,X 3 )X\ is Hermitian. 
Let 

g 1 (X ,X 3 ) = ^2a l Xi ) xf \ 
i=0 

Then 

Xg 1 (XX l ,X 3 )X 1 = Y / a i X i+1 Xi+ 1 xf \ 

i=0 

which is Hermitian. Hence a% = for i 7^ 0, y/q — 1, yfq\ and also Oq = a^/q-i and 
a v / 9 G F v / ?' that is ' 

5l (X , X 3 ) = a xf + a^X ^ _1 X 3 + a^xf with a^ G F^. 

Hence 

F(X , ...,X 3 ) = a X xf + afxf q X 3 + a^X ^ +1 + h(X u X 2 ,X 3 ), 

which is Hermitian. If a /g = 0, then the surface is a cone of a nonsingular Hermitian 
curve with vertex (1,0,0,0), and then N q (S) = (y/q + l)q + 1, which is not the 
given number. So a /q G F*,-, and hence S is a nonsingular Hermitian surface. □ 
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